Recent ideal magnetohydrodynamic (MHD) theory predicts that a perturbation evolving from a linear ballooning instability will continue to grow exponentially at the same linear growth rate globally in the intermediate nonlinear phase. This theoretical prediction is confirmed in direct MHD simulations of nonlinear ballooning instability growth in a tokamak. The Lagrangian compression, which serves as a measure of nonlinearity of the ballooning perturbation, is monitored in the simulation. When the Lagrangian compression becomes of order of unity, the instability enters the intermediate nonlinear phase. During this phase, the maximum plasma displacement amplitude as well as the total kinetic energy continues to grow exponentially at the rate corresponding to the linear phase, despite the nonlinear amplitude of the perturbation.
The ballooning instability is a pressure gradient driven mode in magnetized plasma that is localized in the unfavorable curvature regions of magnetic field lines [1] [2] [3] . The ballooning instability is a ubiquitous, fundamental process [4] [5] [6] that is involved in many phenomena in natural and laboratory magnetized plasmas with high β values. Here β is the ratio of plasma and magnetic pressures. Relative to other MHD instabilities (e.g. [7, 8] ), the nonlinear behavior of ballooning instability is less well understood. There is renewed interest in nonlinear ballooning due to its possible roles in edge localized modes (ELMs) in tokamaks [9] [10] [11] and the substorm onset process in the Earth's magnetotail [12] [13] [14] . Early reduced MHD simulations of high-β tokamak plasmas indicate the formation of a singular current sheet in the final nonlinear state of a ballooning instability which had evolved from a linear mode with very low toroidal mode number n (n = 1) [15] . More recently, 3D resistive MHD simulations of nonlinear ballooning instability were applied to model high-β disruptions in tokamaks [16, 17] . Analytical theory has been developed for nonlinear ballooning growth of a marginally unstable configuration in the early nonlinear regime [18] [19] [20] . Analytical theory of the intermediate nonlinear regime of ballooning instability has been developed lately to better understand simulations and experiments [21] [22] [23] .
The onset of ELMs in experiment is well predicted by the breaching of linear ideal MHD ballooning instability boundaries [11] . Filamentary structures and their localization in the unfavorable curvature region of the tokamak edge have been routinely observed during periods of ELMs in recent Mega Amp Spherical Tokamak (MAST) experiments [24, 25] as well as in two-fluid and extended MHD simulations [26, 27] . This suggests that the ballooning instability properties of the pedestal region continue to play a dominant role in determining the nonlinear temporal and spatial structures of ELMs. Thus, it may be possible to understand the dynamics of the ELM filaments in terms of the nonlinear properties of the ballooning instability.
Different phases of ELM evolution may relate to different linear and nonlinear regimes of ballooning instability. To describe the different nonlinear phases, we introduce two small parameters given by
Here, k and k ⊥ are the dominant wavenumbers of the perturbation parallel to and perpendicular to the equilibrium magnetic field, respectively; ξ is the plasma displacement produced by instability, and L eq is the equilibrium scale length (which is used as the normalization length later so that L eq = 1).
The linear structure and growth rates of ballooning instabilities can be determined using an asymptotic expansion of the linearized ideal MHD equation in terms of n −1 [2, 3, 28] .
The mode structure in the fastest varying direction perpendicular to the magnetic field is given by n −1 , which is the scale of the dominant wavelength. At lowest order in n −1 , the ballooning mode is described by two coupled one-dimensional ordinary differential equations along each field line, which together with proper boundary conditions, determines the local eigenfrequency or local growth rate as well as the local mode structure along the equilibrium magnetic field as a function of magnetic flux surface, field line, and radial wavenumber.
At higher order in n −1 , a global eigenmode equation, the envelope equation, which uses information from the local mode calculations, governs the global growth rate and mode structure across magnetic surfaces. In axisymmetric equilibria, the global growth rate is given by the most unstable value of the local growth rate with stabilizing corrections of order n −1 . As shown earlier [18] [19] [20] [21] [22] and in this work, the properties of linear ballooning instability are crucial to the construction and understanding of the theory of nonlinear ballooning instability.
The perturbation amplitude of the nonlinear ballooning mode, measured by ε (∼ |ξ|),
can be compared to the characteristic spatial scales of its linear mode structure. In the early nonlinear regime, the filament scale |ξ| across the magnetic flux surface is comparable to the mode width λ α in the most rapidly oscillating direction, |ξ| ∼ λ α ∼ n −1 [18] [19] [20] . In this regime, the nonlinear convection across the flux surface is small relative to the mode width λ Ψ in that direction. The dominant effect of the nonlinearities is to modify the radial envelope equation describing mode evolution across the magnetic surface. Here Ψ and α are the flux and field line labels, respectively, which are later used to define the equilibrium magnetic field in Eq. (4). As the mode continues to grow, it enters the intermediate nonlinear regime, in which |ξ| ∼ λ Ψ ∼ n −1/2 ; the plasma displacement across the magnetic flux surface becomes of the same order as the mode width in the same direction [21, 22] . In this regime, effects due to convection and compression are no longer small. Nonlinearities due to convection and compression, together with nonlinear line-bending forces, directly modify the "local" mode evolution along the magnetic field line. In the late nonlinear regime, the ballooning filament growth may exceed the scale of the pedestal width. Eventually, these ballooning filaments could detach from edge plasma and propagate into the scrape-off-layer region, as indicated from recent experiment [25] . In this work, we consider the physics of the intermediate nonlinear phase and leave discussion of the late nonlinear regime for subsequent work.
It is conceivable that the linear to early nonlinear regime of the ballooning instability of the pedestal may correspond to the precursor phase of ELMs since the onset of the ELMs have been consistently correlated to the breaching of the linear stability boundary of the peeling-ballooning modes [9, 11] . Earlier theory attempted to explain the collapse onset phase of ELMs by invoking a finite time-like singularity associated with the early nonlinear ballooning instability of a marginally unstable configuration ("Cowley-Artun" regime) [18] [19] [20] . Such a scenario, however, has yet to be confirmed by direct MHD simulations, probably due to the rather limited range of validity for that regime. In the following the theory of the intermediate nonlinear regime of the ballooning instability is briefly reviewed. A detailed calculation can be found in [23] . We then describe the comparison between the theory prediction and direct MHD simulations of the ballooning instability in a tokamak.
The nonlinear theory of ballooning mode can be conveniently developed in the Lagrangian formulation of the ideal MHD model [29] 
where r(r 0 , t) = r 0 + ξ(r 0 , t),
Here, r 0 denotes the initial location of each plasma element in the equilibrium, ξ is the plasma displacement from the initial location, and J(r 0 , t) is the Jacobian for the Lagrangian transformation from r 0 to r(r 0 , t); ρ 0 , p 0 , and B 0 are the equilibrium mass density, pressure, and magnetic field, respectively. We consider a general magnetic configuration that can be described by
in a nonorthogonal Clebsch coordinate system (Ψ 0 , α 0 , l 0 ), where Ψ 0 is the magnetic flux label, α 0 the field line label, and l 0 the measure of field line length. The corresponding coordinate Jacobian is given by (
The intermediate nonlinear regime is defined by the ordering ε ∼ O(n −1/2 ) [21, 22] . In this regime the plasma displacement ξ can be expanded as a single series in n
where
Here and subsequently we drop the subscript "0" in the equilibrium MHD fields ρ 0 , p 0 , and 1. These equations are given by [23] Ψ + ξ
component of the local linear ballooning operator [19, 23] . The structure of these two equations indicates that the solution satisfies the following general form
where N ( Ψ, l, t) is a function of the distorted flux function
The finite element mesh based on a tokamak equilibrium generated using the ESC solver. R and Z are the cylindrical coordinates; a is the minor radius. The rings of grid lines approximate contours of constant equilibrium pressure.
field line coordinate l and time. A particular choice is
which implies that solutions of the linear local ballooning mode equations continue to be solutions of the nonlinear ballooning equations (7) and (8) formally. The nonlinear contributions to equations (7) and (8) This theoretical prediction has been confirmed in recent direct MHD simulations of nonlinear ballooning instability in a tokamak using the NIMROD code [30] . The simulation starts with a small perturbation to a toroidal tokamak equilibrium generated with the ESC solver [31] (Fig. 2) . The equilibrium has a circular shaped boundary, with the major radius R 0 = 3 and the minor radius a = 1 (all quantities are in SI units). The pressure profile is pedestal-like:
, where p p = 0.045, h p = 0.044, x p = 0.7, L p = 0.05, x = Ψ T /Ψ T a , and Ψ T (Ψ T a ) is the toroidal flux (at boundary). The safety factor q is monotonically increasing:
, with q 0 = 1.05, q a = 3. The magnetic field at magnetic axis is B 0 = 1. The initial perturbation is dominated by an n = 15 Fourier component in toroidal direction. The perturbation is advanced using the standard set of ideal MHD equations (with resistivity η = 0) in the NIMROD simulation [30] .
We also advance the plasma displacement as an extra field in Eulerian coordinates using
where u(r, t) is the velocity field, ∂ t = (∂/∂t) r , and ∇ = ∂/∂r. We then calculate the Lagrangian compression ∇ 0 · ξ from the Eulerian tensor ∇ξ using the identity
Both the maximum plasma displacement |ξ| max and the maximum Lagrangian compression (∇ 0 · ξ) max of the entire simulation domain evolve at the same linear growth rate during the phase 10 < ∼ t < ∼ 30. When the Lagrangian compression (∇ 0 · ξ) max becomes of order unity, the perturbation has evolved into the intermediate nonlinear phase, which is characterized by the ordering
However, the maximum plasma displacement itself continues to grow exponentially with the same growth rate of the linear phase of the mode well into the intermediate nonlinear
phase. This behavior is demonstrated in Fig. 2 , which is consistent with the special solution of the analytic theory [23] . The sudden enhanced growth of the Lagrangian compression [11, 26] . The theory prediction and the simulation confirmation for nonlinear ballooning instability are consistent with the agreement observed in previous numerical analysis and simulations of the line-tied g mode [22, 32] . This is because both modes share similar linear and nonlinear dynamics despite the different associated geometry [23] . Due to its simpler geometry, the line-tied g mode has been studied as a prototype for the more geometrically complicated ballooning instability [18, 21, 22, 32, 33] .
The agreement between theory and simulations on nonlinear ballooning instability is a step toward understanding the precursor and onset phases of ELMs.
Our analytical model focuses on the nonlinear growth of the ballooning filament in the ideal MHD regime. The adoption of the ideal MHD model by no means implies the insignificance of other nonideal MHD effects, such as those of two-fluid physics, resistivity, and finite-Larmor-radius (FLR), on ballooning filament dynamics. Rather, this approach allows the systematic isolation, identification, and inclusion of the dominant nonlinear mechanisms in each regime. This study is an important step towards the construction of a more relevant two-fluid MHD model for the dynamics of nonlinear ballooning mode and ELM filaments.
